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Abstract 

The uniqueness of the ADS spacetime among all stactic vacuum spacetimes 
with the same conformal infinity is proved in all dimensions under the spin 
assumption. 
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In Einstein's theory of general relativity with a negative cosmological constant A, 
a vacuum spacetime is a solution to the equation Rat = ^Qab and the lowest-energy 
solution is the anti-de Sitter spacetime. Moreover it was proved by Bocher-Gibbons- 
Horowitz Ij in 3 + 1 dimensions that the anti-de Sitter spacetime is the unique static, 
asymptotically anti-de Sitter vacuum. 

To give the precise statement of their theorem, let us first recall that an (ri + 1) 
dimensional static spacetime {N, 'g) has the form 



N = Rx M. 
g = -V^dt' + g 



(1) 



where (M, g) is a Riemannian manifold and is a positive function on M. The 
vacuum Einstein equation (without loss of generality we always take the negative 
cosmological constant A to be —n) 

Ric (g) = -ng (2) 
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can be written in terms of g and V as 

Ric (g) +ng = V'^D'^V, (3) 
AV = nV, (4) 

where and A are the Hessian and Laplacian on (M, g). From these two equations 
it is easy to see that g has scalar curvature S = —n{n — 1). We will often just call 
the triple (M, g, V) a static vacuum. 

The anti-de Sitter spacetime, in (n + 1) dimensions, can be written as 

ds^ = -(1 + r^)de + (1 + r^y^dr^ + r^du\ 

which is manifestly static. It is simply M x H" with the metric — cosh^ rdt^ + 
where h = dr"^ + sinh rdu"^ is the hyperbolic metric in polar coordinates. Another 
interesting example is the so called AdS soliton, which is M x 5^ x T"^^ with the 
metric 

ds^ = -r'^df + V{r)'^dr^ + 1/(r)rf02 + r^/i, 

where, is a flat metric on T"~^, V{r) = ^1 — with ro > a constant and 

(f) is periodic with period in/nro to resolve the singularity at r = tq. A uniqueness 
theorem has recently been established by Galloway-Surya-Woolgar jSj- In both ex- 
amples {M,g) is conformally compact. The conformal infinity is the standard sphere 
S"'~^ in the anti-de Sitter case and a fiat torus T" in the AdS soliton case. 

The simplest example of a spacetime which is asymptotic to the anti-de Sitter 
spacetime is the Schwarzschild-anti-de Sitter metric: 

dsl = -f{r)de + f{r)-^dr^ + r^duj\ (5) 

where /(r) = 1 + — M/r^'"^. In dimension n = 3 Boucher-Gibbons- Horowitz 
PP defines a spacetime to be asymptotically anti-de Sitter if outside of a spatially 
compact world tube the metric has the following asymptotic behavior: 

ds"^ = dsl + 0{r~'^)dt^ + 0{r~^)dr'^ + 0(r)( remaining differentials not involving dr) 
+ 0(r~^)( remaining differentials involving dr), 

(6) 

where ds^ is metric in (0). With this definition they proved that the only static 
asymptotically anti-de Sitter solution to Rab = ^gab is the anti-de Sitter spacetime. 
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There are two important ingredients in the proof. The first one is the positive 
mass theorem for asymptotically hyperbolic manifolds. The second ingredient is the 
following remarkable identity attributed to Lindblom 

div {V-^V{W - Wo)) = ^V^W-^\B\'^ + ^V~^W-^\\/{W - Wo)\\ (7) 

where W = | VV^p, Wq = V"^ — 1 and B is the Bach tensor. In a local frame the Bach 
tensor Bij^ = Rij^k — Rik.j + \Sjhik — \Skhij and its importance lies in the fact that a 
Riemannian 3— manifold is locally conformally flat iff its Bach tensor 5 = 0. To verify 
the identity ((Tj), the key point is to express B in terms of V and h and this is possible 
because the curvature tensor is determined by the Ricci tensor in dimension three. 
To see this choose a local orthonormal frame and compute, using Q and S = —6 

Bijk Rij,k Rik.j 

= V-\V,,,k - V,u,j + V-^ {VjV.,u - VkV,,) 
= V-'R.kuVi + V'^ (VjV^k - VkV,j) . 

In dimension three, the curvature tensor Rjkn = 3(5jj(5fc; — Sji6ki) + RjiSki + S^iRki — 
Rji^ki — SjiRki- By using again we end up with 

B.,k = [{V.lVi - 3VVj)6,k - {VklVi - 3VVk)6,, + 2{VikV, - Vi,Vk)] . 

In higher dimensions the curvature tensor is considerably more complicated with an 
extra piece, the Weyl tensor which is out of the reach of the field equations ©©, 
therefore it is not clear at all how to generalize (|7j). 

The main purpose of this paper is to give a different approach which is very 
elementary and works in any dimensions. We also use the positive mass theorem, but 
in place of the Lindblom identity ((Tj) we use an elementary identity in Riemannian 
geometry which holds in all dimensions. Let / be a function and T a symmetric 
2— tensor on a Riemannian manifold {M,g), then we have 

(T, D^f)g = div (^v/T) - {df, 6T)g. (8) 

In a local orthonormal frame this can be written as 

Tijfij = (Tijfi)j — fiTijj 

If 17 C M is a compact and smooth domain, the by Stokes theorem we obtain 

/ {T,D'f)gdfi= [ T{Vf,u)dA- [ {df,6T)gdfi (10) 
Jn Jdn Jn 
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(9) 



where v is the outer unit normal of 

An advantage of our approach is that we use conformal compactification to for- 
mulate the asymptotics (see Wang and Chrusiel-Herzlich [3J), which allows more 
general asymptotics. Instead of having mass M as just a number, there is a mass 
aspect T which is a 2-tensor. Moreover the asymptotics required for the application 
of the positive mass theorem follow naturally from the field equations ©• With 
Fefferman and Graham's result on conformally compact Einstein metrics the analysis 
is also made clean and transparent. We state our main result as 

Theorem 1 Let (M, g, V) be a static solution to the vacuum Einstein equation with 
negative cosmological constant If 

1. {M,g) is conformally compact and the conformal boundary is S"'~^, 

2. V^^ is a defining function and V~'^g\s^i-i is the standard metric on S"''^^ 

3. M is spin, 

then (M, g, V) is the anti-de Sitter spacetime. 

Remark. The last assumption that M is spin, which is superfluous in dimension 
n = 3, is needed because that is the only case the positive mass theorem for asymp- 
totically hyperbolic manifolds is known. 

Since {M,g) is conformally compact with scalar curvature S = —n{n — 1) we can 
choose a defining function r such that near infinity 



where hr is an r— dependent family of metrics on the conformal boundary S*""^ with 
Hq being the unit round metric (see e. g. Lemma 2.1 in Graham [5]). We choose local 
coordinates x^, . . . , x"'"^ on the boundary and write hj. = hij{r, x)dx^dxK Moreover 
in view of the assumption (ii) we can assume Vr\sn-i = 1. 

For example it is easy to see that the anti-de Sitter spacetime can be written in 
this form as 



g = r "^{dr"^ + hr), 





(12) 
(13) 



V = l/r + r/A. 
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We need to study the asymptotic expansion of and V in detail. To do this 
one could study directly the equations (jS)) and (jD). Instead we take advantage of the 
various results available for conformally compact Einstein manifolds. We recommend 
Graham ^ for a clear and succinct introduction. 

Consider the manifold N = x M with the metric 

g = V^de^ + 9 = r-^ {dr^ + {VrfdO^ + h^) , 

where 9 is periodic with period 27r. By the equations Q Q {N,g) is conformally 
compact Einstein (i. e. Ric {g) = —ng) with conformal infinity {S^ x 5*""^, dO"^ + ho). 
If {M,g, V) is the anti-de Sitter spacetime, we have by (fT^ (fT^ 

go = [dr^ + (1 + rV4)2rf^2 ^ _ ry4)^ho) . 

Both g and are conformally compact Einstein with the same conformal infinity 
{S^ X S"'~^,d9'^ + ho). By the work of Fefferman and Graham as presented in j3] 
(roughly speaking, in the Taylor expansion in r the first n terms are locally determined 
by the metric on the conformal boundary), we have 

{Vrfde^ + hr = {l+ r^/Afde^ + (1 - r^/Afho + r"(ad^2 ^ ^ ^^^n^^ (^4) 

where r is a symmetric 2-tensor on 5"""^ and 

a = -tr;,„r. (15) 

The equation (fT^ can be separated as two equations 

V^ = l/r + r/4 + ar"-V2 + o(r""^) (16) 
/i^ = (l-rV4)2/io + rr" + o(r"). (17) 

These asymptotic expansions can be differentiated. For example by differentiating 
(fT^ in r we obtain 

dV 

^ = -l/r2 + 1/4 + {n- l)«r"-V2 + o(r"-2). (18) 
or 

The equation (jl7p shows that (M, (7) is asymptotically hyperbolic in the sense of 

m 

Definition 1 lijj) / A conformally compact manifold (X, g) is called asymptotically 
hyperbolic if it satisfies: 
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1. the conformal infinity is the standard sphere {S' 




2. there exists a good defining function r such that 



g = r '^(dr'^ + hr) 



(19) 



in a collar neighborhood of the conformal infinity and 



h, = (l-rV4)2/io + rr" + o(r"), 



(20) 



where t is a symmetric 2-tenor on ^. Moreover the asymptotic expansion 
can be differentiated twice. 

For asymptotically hyperbolic spin manifolds, the following positive mass theorem 
was proved in Wang [T2] (see also Chrusciel-Herzlich |SI). 

Theorem 2 ^121 Let {X, g) be an asymptotically hyperbolic manifold. If X is spin 
and has scalar curvature R > —n{n — 1) then we have 




Moreover equality holds iff (X, g) is isometric to the hyperbolic space W 



We use (HSDdlZI) and (HD) to compute 




= r 



^ (-l/r2 + 1/4 + (n- l)ar 



(l/r + r/4 + ar""V2 + o{r 
nar"-2 + o(r"-2). 



.n-2 



,n-l 




To summarize we have shown 



1 — nar" ^ + o(r 



.n-2 



(21) 



Differentiating in r gives 




(22) 
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Proof of the Theorem: Define iVf^ = {p G M\r{p) > e}. For e small, this is a compact 
and smooth domain in M. Let T = Ric (g) + (n — l)g which is actually the Einstein 
tensor of g. By we have 

T = V-^D'^V - g. (23) 

Hence V"|T|2 = (DV _ •l/^,T)g = {D'^V,T)g. By the second Bianchi identity ST = 
— ^)dS = for S = —n{n — 1). Therefore by the formula (fTUI) 

V\T\]d^lg= [ T{VV,u)da. (24) 

The outer unit normal v = —r^ and the induced area form da = r'^"^^^^ ^JlT{r~ic)dx 
with H{r,x) = det {hij{r,x)). Therefore, using (PHj) again, we can rewrite the above 
equation as 

i6-("-2) / v-'^ {\vv\' - yrH{^)dx 

I adaho + o(l), 



2 

n(n — 2) 



where in the last step we use the asymptotic expansions (fT6|) and (j22|) . Taking e ^ 0, 
in view of p5|l . we obtain 

/ V\T\ldfIg=-^-—^ tTHoiT)dAh,. 

But by Theorem El the right hand side is non-positive. Therefore both sides must be 
zero. By the characterization of zero mass case in Theorem|21 (M, g) is the hyperbolic 
space H". Then it is an easy matter to show that the triple {M,g, V) is the anti-de 
Sitter spacetime. □ 

In the last step we only need the positive mass theorem to the extent that the 
mass is nonnegative and the characterization of zero mass case can be replaced by an 
elementary argument. In fact we have T = 0, i. e. Ric {g) + (n — l)g = V~^{D^V — 
Vg) = 0. This implies that 'g = V~^g is Einstein. Therefore (M, ^) is a compact 
Einstein manifold with a totally geodesic boundary which is the standard sphere S^~^. 
Moreover VV^ is a conformal vector field. It is then elementary to show that (M, ^) 
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is the standard hemisphere S"" C i?""*"^ and V{x) = 1/xn+i- This easily imphes that 
(M, g, V) is the anti-de Sitter spacetime. 
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versations, from whom I learned this problem during the AIM-Stanford workshop on 
general relativity in May, 2002. I thank the workshop organizers, especially Professor 
Rick Schoen, for inviting me and for providing an excellent environment. I also wish 
to thank Professor Tian for constant encouragement. 



After the paper was submitted, the paper Qing (TUI appeared. Inspired by his 
idea, I give an alternative approach which does not require the spin assumption in 
dimension n < 7. It is interesting to note that this new approach uses the positive 
mass theorem for asymptotically flat manifolds while the previous approach uses the 
positive mass theorem for asymptotically hyperbolic manifolds. 

Let (M, g, V) be a static AdS vacuum spacetime. By the equations (jHI) (IH) and 
the Bochner formula we compute 

(I Vl^p - V^) = |DVp + VV ■ VAV + Ric {VV, VV) - VAV - \VV\'^ 
= |DV|2 + V-^D^V{VV, VV) - nV^ - \VV\'^ 
= |DV - Vg\^ - -V-^VV ■ V (I VVp - V^) . 

This can be rewritten as 

A (IVI^P - + 1) - V-^V ■ V (|VKp -V'^ + 1) = 2|DV + Vg\'^ > 0. (25) 

Suppose {M,g, V) further satisfies conditions 1 and 2 in Theorem 1. We consider 
the compact manifold with boundary M with the Fermat metric g = {V + l)~'^g with. 

Lemma 1 (M, ^) has scalar curvature R> 0. Moreover the boundary is isometric 
to the standard sphere S"^"^ and has mean curvature n — 1. 

Proof. By !^21\i we have 

|Vy|2 -1/2^1^0, as X ^ S. 
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By the maximum principle for the equation (|25|) 



|Vy|2 - ^ 1 < 0. (26) 
The scalar curvature of i? of ^ is given by 



A1/ , ivr 
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{y + = + 2(n - 1):^ - n(n - (27) 

By (I2ni) and the fact R = -n{n - 1) 

(V + ly'R > -nin - 1) + 2n(n - 1):^ - n(n - 1) = 

By the asymptotic expansions p7|)()16p for g and V, we can write g = (j)~'^{dr'^ + hr) 
near the boundary with (p = r{V + 1) = l + r + + . . .. Then it's obvious that 
V\t. = ho is the round metric on S*""^ and S has mean curvature H = n — 1. □ 

We now gives another proof of Theorem 1 which does not require the spin as- 
sumption for n < 7, i. e. we have 

Theorem 3 Let (M, g, V) be a static solution to the vacuum Einstein equation with 
negative cosmological constant // 

1. {M,g) is conformally compact and the conformal boundary is S"'~^, 

2. is a defining function and V~''^g\sn-i is the standard metric on S^~^ 

3. either n < 7 or M is spin, 

then (M, g, V) is the anti-de Sitter spacetime. 



Proof. By Lemma H {M,g = (1 + V)-^g) is a compact manifold with boundary and 
the boundary is the standard sphere S"""^ with mean curvature n — 1. Then (M, ^) 
is isometric to the unit ball B C M". To see this, we attach — i? to {M,g) along 
the boundary and get a complete manifold with a fiat end. Positive mass theorem 
for asymptotically manifolds would imply that it is isometric to M" if either < 7 or 
M is spin except the metric is merely along the common boundary hypersurface. 
It was known to many experts that the positive mass theorem holds in this general 
setting and in fact this fact was used by Bunting and Masood-ul-alam [3 13 El to 
prove uniqueness for various blackhole solutions. But there had been no detailed 
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proofs in the literature until two recent papers by Miao [7j who uses a mollification 
argument to reduce it to the regular case and by Shi-Tam PT] generalizing Witten's 
spinor argument. 

Therefore {M,g) is isometric to B and in particular R = 0. By the proof of 
Lemma H we have D^V = Vg and |V^p — V"^ + 1 = 0. Then by Q we have 
Ric {g) = —{n — l)g. As g is also conformally fiat, it follows that (M, g) is the hyper- 
bohc space. □ 
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